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Many m i c r o e l e c t r o n i c  devices  can be cons idered  as p i ecewi se -un i fo rm s t r u c t u r e s  consis t ing of m a -  
t e r i a l s  having dif ferent  coeff ic ients  of  t h e r m a l  expansion and e las t ic  cons tants .  As a r e su l t  of  a d i f ference  
between opera t ing  t e m p e r a t u r e s  and the t e m p e r a t u r e  at which the device was manufac tured ,  l a rge  t h e r m a l  
s t r e s s e s  can  a r i s e  leading to c rack ing  and loss  of adhesion in the f i l m - s u b s t r a t e  s y s t e m  [1, 2], mechanica l  
rup tu re  of al loy t r a n s i s t o r s  [3, 4], a n d p e e l i n g o f s e m i c o n d u o t o r  c r y s t a l s  andthe  product ion of c r acks  in t hem 
during the bonding of  semiconduc tor  devices  to the i r  c a s e s  [5-7]. In addition, r e s idua l  t h e r m a l  s t r e s s e s  can 
affect  the opera t ing  p a r a m e t e r s  of the devices  as a r e su l t  of the s t r e s s  dependence of ce r t a in  phys ica l  p rop-  
e r t i e s  [8-11]. In view of this  it b ecom es  n e c e s s a r y  to ca lcula te  and analyze s t r e s s e s  in such compos i t e  m e -  
dia.  Exis t ing calcula t ional  models  for  the m o s t  p a r t  pe r t a in  to t w o - l a y e r  s y s t e m s  [10-17]. S t r e s s  ca lcu la -  
t ions  have been p e r f o r m e d  in [3, 6, 18, 19] for s y s t e m s  with m o r e  than two l a y e r s  by using hypotheses  of 
t h i n - b e a m  theory .  In actual  semiconduc tor  devices ,  however ,  the th ickness  of the s t ruc tu re  may  be c o m m e n -  
su r a t e  with the length of the l aye r s ;  in addition, the l a y e r s  a r e  genera l ly  of di f ferent  lengths,  and exper iment  
shows s t r e s s  concent ra t ions  [20, 21] and the fo rmat ion  of c r acks  [3, 6, 7] c lose  to the edges .  All this  in a 
n u m b e r  of c a s e s  m a k e s  it  imposs ib le  to employ  calcula t ions  [3, 6, 18, 19]. The purpose  of the p r e s e n t  a r t i c le  
is  to ca lcula te  s t r e s s e s  in p i e c e w i s e - u n i f o r m  s y s t e m s ,  and f r o m  the i r  ana lys is  to e s t ima te  the re l iab i l i ty  of 
the functioning of the s t r u c t u r e s  and the choice of appropr ia t e  cons t ruc t ion  and dimensions  of the s y s t e m s ,  
s ince o ther  r e q u i r e m e n t s  (solubility,  e l ec t r i ca l  p r o p e r t i e s ,  economy,  etc.) may  r e s t r i c t  the use  of  m a t e r i a l s  
which a r e  ideal ly  sui ted f r o m  the point of  view of the i r  coeff ic ients  of t h e r m a l  expansion.  

1. As a m a t h e m a t i c a l  model  appl icable  to the m i c r o e l e c t r o n i c s  of s t r uc tu r e s  we choose a r ight  c i r c u l a r  
cy l inder  D of rad ius  R and height H which is p iecewise  uni form both axia l ly  and radia l ly .  F igu re  l a  shows 
a sect ion 0 = const  for  0 -< r -< R (region ID of cy l inder  D in cyl indr ica l  coordinates  r ,  ~, z. The p lanes  
S 1 and S 2 p a r a l l e l  to the base  of  D, and the cyl indr ica l  su r face  S 3 concent r ic  with the l a t e r a l  su r face  of D 
divide D into six cy l indr ica l  and r ing - shaped  reg ions  Dk, each of which is filled with a un i form i so t rop ic  
e las t i c  med ium c h a r a c t e r i z e d  by a coeff icient  of t h e r m a l  expansion a~:, shea r  modulus Gk, and Po i s son t s  
r a t io  ~ ,  where  k is  the number  of  the region in Fig.  la ;  k = 1, 29 . . . .  , 6 .  

The outer  boundary S of body D is s t r e s s - f r e e ,  and the conditions of hard  contact  a r e  sa t i s f ied  on S 1, 
S2, and S 3. 

We consider the axisymmetric linear elasticity-theoryproblem of determining the state of stress of a 
compos i t e  cy l indr ica l  body fo r  a v a r i a t i o n o f  i ts  t e m p e r a t u r e  by an amount  AT, It  is a s sumed  that  ~ T  is uni-  
f o r m  in D. 

The model  shown in Fig .  l a  enables  us to t r e a t  a v a r i e t y  of finite s t r u c t u r e s  of va r ious  g e o m e t r i e s ,  
some  of which a r e  shown schemat i ca l ly  in Fig.  l b - / .  The s y s t e m s  shown in Fig .  lb ,  c, i (continuous 
and discont inuous f i lms  on a subs t ra te )  and in Fig. l e - h  (fastening of c r y s t a l s  in ins t rument  cases )  have ap-  
p l ica t ions  in m i c r o e l e c t r o n i c s .  The s a m e  s y s t e m  of coord ina tes  is chosen for  the models  shown in Fig.  l b - I  
as for  the model  in Fig .  l a .  

In each of the reg ions  Dk the D u h a m e l - N e u m a n n  equi l ibr ium equations [22] in cy l indr ica l  coordinates  
have the f o r m  

l ~ 0, V2Wq- 1 o~ O, (1.i) V2u --  ~ + l - 2~k o,- t - 2~ k o= 
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Fig~ 1 

where  

Ou u 8w V~ o s i a o ~ 
e ~- ~r -47 --~ -~- ~-Z, = Or----~ -qt- T ~r -t- Oz----~. 

H e r e  u = u(r ,  z) and w = w(r ,  z) a re ,  r e spec t ive ly ,  the r and z components  of the d i sp lacement .  

Since t he r e  a r e  no ex te rna l  f o r ce s  on the boundary S we have 

%,.(R, z) = O, ~,(R,  z) = O. 

%3r, --HO -- O, %.z(r, --H1) = O. 
%z(r, Hs)  = O, vrz(r, H~) = O. 

(1.2) 

The s t re s se s  and displacements are continuous at the boundary surfaces $1, $2, and $3: 

z=(r, +0) = ~ ,  (r, - 0 ) ,  
u(r, + 0 )  = u(r, - 0 ) ,  

%z(r,  H 3 ~- O) = azz (r, Ha - -  0), 

u(r, g n  + O) = .u ( r ,  g 3 - -  0), 

a,.~(p + O, z) = c~,. (p - -  O, z), 
u(p + O, z) = u(p - -  O, z), 

�9 ,.z(r, -~0) = %.z (r, --0)i 
w(r, + 0 )  = w(r, - -0 ) ,  

�9 . ( r .  H~ + O) = ~,.~ (r. 1t:~ - 0), 

w(r, H3 'F O) = w(r, H 3 - -  0), 

�9 ,~(p + O, z) = ~ .  (p - -  O. z), 

w(p + O, z) = w(p - -  O, z). 

At r = 0 the conditions of axial  s y m m e t r y  a r e  sa t i s f ied  

(i .3) 

u(O, z) = O, a~(O, .z) = % 0  (0, z). ( 1 . 4 )  

H e r e  a r t ( r ,  z), ff09(r, z), and azz ( r  , z) a r e ,  r e s p e c t i v e l y ,  the  n o r m a l  rad ia l ,  tangent ia l ,  and axial  s t r e s s e s ;  
Vrz(r ,  z) i s  the  tangent ia l  s t r e s s .  The p a r a m e t e r  AT is  contained in the d i f ferent ia l  express ions  of Hookets  
law for  the n o r m a l  s t r e s s e s  [22]. The p a r a m e t e r s  a~, Vk, Gk, AT, R,  p, and H k a re  given. I t  is  requi red  
to find the functions u(r ,  z) and w(r ,  z) in region H: 0 -< r -< R, - H  i -< z - Hs.- 

2. The  l i nea r  b o u n d a r y - v a l u e p r o b l e m  (1.1)-(1.4) is  reduced  to a var ia t iona l  p rob l em for  the min imum 
of t h e  poten t ia l  ene rgy  W of the s y s t e m .  The exp re s s ion  for  W for  a x i s y m m e t r i c  deformat ion  is  given in 
[23]. In reg ion  H p r i m a r y  and dual  r e c t a n g u l a r  m e s h e s  a r e  supe r imposed  as  in [23]. Then W becomes  a func- 
t ion of the d i s c r e t e  va lues  ui,j and wi, j ,  where  i and j a re ,  r e spec t i ve ly ,  the  number s  of  the hor izonta l  and 
v e r t i c a l  l ines  of the p r i m a r y  m e s h  [1 -< i -<  p,  1 -< j < q, p = 1 + ~ ( [Hk] /h~  + (H 5 -H3) /h~) ,  q = 1 + R /h r ] .  

h = l , 3  

H e r e  h r and h z a r e  the  s t eps  of  the p r i m a r y  m e s h  in r and z, r e s p e c t i v e l y  {the s tep h r is constant;  s tep 
hk c o r r e s p o n d s  to reg ion  Dk; hlz = h2z, h3z = h4z, h~ = hSz). 

The  following approx imat ions  of  de r iva t i ve s  we re  used: 

t 0 u l , j + l - - u i . j  , u i , j  
-7 ~ (ru) .~ h -r ~ ,  
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0~t u t "~-~ - -  Ui , j  ~U u i , j  - -  U i + l , j  ,2 ~- 
Or "~ h ~  * Oz ~ k ' hz 

au~ ~z ' i , j+ l  --- Y;i,) a~ Wi, j  - -  u ' i + l , j  
a-7 ~ h r ' az ~ o4 

]'z 

The  a p p r o x i m a t e  e x p r e s s i o n  for  W~i for  an i n t e r i o r  ce l l  of  r e g i o n  II (a ce l l  f o r m e d  by l ines  of  the p r i -  
m a r y  and dual  m e s h e s )  ha s  the f o r m  

~j 

5 

W{.~ = Z a1,.,4 [L~ (u~,i) + P~ (w~,))]2 
n = l  

@bj ,4[L[(u , j )+P[(w~,~) ]@ci ,4 ,  k = l ,  2 . . . .  ,6 ,  

w h e r e  Ln and P n  a r e  c e r t a i n  l inear,  d i f f e r ence  o p e r a t o r s ,  and a j ,n ,k ,  bj ,k,  and oj,  k a r e  cons tan t  within 

each  ce l l .  The  s u p e r s c r i p t  I r e f e r s  to one of  the four  ce l l s  s u r r o u n d i n g  the i n t e r i o r  point  (i, j). 

The  e x p r e s s i o n  fo r  W was  obta ined  by  s u m m i n g  e x p r e s s i o n s  of  the f o r m  (2.1) o v e r  i ,  ],  and Z (for 
poin ts  (i, j) ~ S the s u p e r s c r i p t  l = 1, 2). 

D i f f e r ence  equa t ions  a p p r o x i m a t i n g  the  o r i g i n a l  d i f fe ren t i a l  equat ions  (1.1)-(1.4) with an a c c u r a c y  of  
the  o r d e r  O(h2), h = m a x  (hr,  bk), w e r e  obta ined f r o m  the  s t a t i o n a r i t y  condi t ions  

~w/au~, I = O; (2.2) 
aw/aw~ = O. (2.3) 

In p a r t i c u l a r ,  condi t ion  (2.2) fo r  point  A (cf. F ig .  la)  has  the  f o r m  

1 2] h4 ( ] -  h; __ G~ 2 (2~) 2 ~ + ~ ~ z -~ :2 -~) )]  - ~ -  ~ 7~4 (i + ,,~) h~ 
�9 4 ~ 1  ~ _ _  r r [ 4 = . , 4  

]I ( ] - - - . i ) h ~  ~ G k ( ] - - t )  h2r " ~  G4,  ' 

- ~  "h ~ Z ~ h ~ " k = l , 3  k = l , 2  z k ~ 3 , 4  z 

2 (2~___-- 1) x_~ ~ @4h)ui.j+l 2 (217~:-- 3) ~.__ ~p4h ;4ui,j_l 
r h = 2 , 4  4 = 1 , 3  

+ {Z~ [(i - -  6v~) - -  ] (t - -  4v2)] - -  ~1 [(t - -  2Vl) - -  ] (i - -  4vD] } w~+l,~ 

- -  {~4 [(l - -  6v,) - -  ] (i - -  4v4)l --  ~ [(i - -  2%) --  ] (l - -  4%)1} wi-~,j 

§ [(1 --  i) (G~ - -  V~) - -  2] (Z2 --  Z,)] xi,~+~ - -  [(] --  i) (C~ - -  C~) 

--2 (i -- 2) (Xl -- Xs)] w~d-~ + [(] -- i) )~.~ + 2X~] w~+~d+~--[(]--i) ~+2%,] 

X w~_~.~+~ --  [(] - -  1) ~, - -  2X~] w~+~,~_~ + [(] - -  1) ~ - -  2~1 w~_~,~_~ 

k = l , 3  h = 2 , 4  
(2.4) 

w h e r e  

G h h r 
)~ -- l -- 2~ 4 4 ; •4 = ~4v4; ~4 = )~h (i - -  v~). 

By mak ing  a p p r o p r i a t e  r e p l a c e m e n t s  of  the cons tan t s  in (2.4) the equat ions  ~W/Oui,j = 0 a r e  obtained 
fo r  b o u n d a r i e s  S1, $2, and 83, and fo r  i n t e r i o r  poin ts  o f  r eg ion  D k (e.g.,  fo r  r eg ion  D l it is n e c e s s a r y  to se t  

h k - h  i k = 1 ,  2, 3, 4). ~ ~ Gk= GI' Uk= ul '  z- z' 

A nine-point difference scheme is obtained. All the unknowns are grouped in vertical lines in column 
vector form 

/ t l , J ]  

Wl,j I 
U2,J I 

nJ= w.~,J I 

UP,J i 
bI)p,j) 
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A s y s t e m  of  2 x p x q l inea r  inhomogeneous a lgebra ic  equations in the s a m e  number  of  unknowns ui,j 
and wi,j is  fo rmed  by va ry ing  the  s u b s c r i p t s  in Eqs.  (2.2} and (2.3}, s t a r t ing  with j = 1 for  i = 1, 2, . . . ,  p 
e tc .  in o r d e r  of  i nc reas ing  j f o r  the  s a m e  values  of i, so that  to each  ui,j t he re  c o r r e s p o n d  [2p(j - 1) + 
2i - 1] equat ions,  and to eachwi ,  j [2p(j - 1) + 2i] equations.  

This  o r d e r  of  a r r ang ing  the  unknowns and equations produces  a block t r id iagonal  f o r m  of m a t r i x  A of 
the  coeff ic ients  o f  the unknowns ui, j and wi, j .  This  m a k e s  it poss ib le  to solve the s y s t e m  of equation nu- 
m e r i c a l l y  by the s u c c e s s i v e  line ove r r e l axa t i on  method [24]. The solut ions for  the diagonal  blocks of m a t r i x  
A a r e  found by  the Gauss  s ing le -d iv i s ion  scheme  [25]. The condition for  ending the i t e ra t ive  p r o c e s s  has  the 
f o r m  

6 = max l ll~"'+') (i) - -  ,I}"=) (i) l < e ,  m = l ,  2 . . . . .  
t , 3  

where  8 is  the a c c u r a c y  of  the i t e ra t ions .  

The e r r o r  of the solution was e s t ima ted  by calculat ing the quantity 

r = max (r ji@i,j), cpi,j = [ h ~.h h " u  - " u  l / i  f, 
t,3 

where u. h. w. h. and u 'h w ~h are theso lu t ionsobta ined lormesheswi th  steps hr,  h k, and 2hr, 2h k, re -  1,]' l i l  i ,j'  i,j 
spec t ive ly .  

3. The a lgor i thm desc r ibed  above was p r o g r a m m e d  for  the model  shown in Fig .  l a .  By s ta r t ing  f rom 
one p r o g r a m  it  was  poss ib le  to ca lcula te  a v a r i e t y  of final s y s t e m s  of va r ious  g e o m e t r i e s ,  in pa r t i cu l a r  the 
s y s t e m s  shown in Fig.  l b - h ,  k, l .  The calcula t ions  were  p e r f o r m e d  on a BI~SM-6 computer ;  the opt imum 
re laxa t ion  p a r a m e t e r  [24] COopt = 1.9 was chosen by n u m e r i c a l  expe r imen t s .  The init ial  i t e ra t ion  vec to r  ~0) 
was  chosen with ze ro  components  for  all  ]. 

J 

The p r o g r a m  was f i r s t  t e s t ed  on a number  of models  of cyl inders :  "unheated,  w uniform,  s y m m e t r i c  
with r e s p e c t  to  the cen te r  of m a s s .  F o r  AT = 0 ("unheated" cylinder)  the calcula t ion gave ze ro  solutions 
fo r  al l  ui, j ,  wi, j ,  a r r ,  a0e,  azz ,  and r r z .  In the c a l c u l s t i o n o f u n i f o r m c y l i n d e r s  ( a  k = % v k = v, G k = G, 

k = 1, 2 , . . . ,  6) d i sp l acemen t s  w e r e  obtained cor respond ing  to f ree  cont rac t ion  and zero  s t r e s s e s  with a 
m a x i m u m  e r r o r  of ~ 0.02 k g / m m  2. In cy l inders  which were  s y m m e t r i c  with r e s p e c t  to the cen te r  of  m a s s  
(Fig. l e - e ,  k,~ l) a g r e e m e n t  to eight s ignif icant  f igures  was found in the values  of  the s t r e s s e s  along l ines  
i equidistant  f r o m  the cen te r  of m a s s  of  D. 

F igu re  2 shows c u r v e s  of  the d is t r ibut ion of e r r o r s  ~0i, j (solid c u r v e s ) a n d  r (opencurves )  a longthe  
rad ius  for  the s y s t e m  shown in Fig.  l g  (region D 1 - silicon; D2, ])3, D 4 - lead bora te  glass ;  Ds, D 6 - Po ly -  
co re ) .  Points  1 and 2 r e f e r ,  r e spec t ive ly ,  to sec t ions  z = 0 and z = 0.004. The s y s t e m  was cooled by AT = 
470~ and had the following d imens ions  (here and l a t e r  in cm): R = 0.3, H i = 0.024; H 3 = 0.006; Hs-H 3 = 0.175. 
The  solut ions obtained on two m e s h e s  with the total  number  of  points  110 and 399 were  compared .  In spi te  of 
the fact  that  one of the m e s h e s  was r a t h e r  c o a r s e ,  the value of ~ did not exceed 3%. 

Our  r e s u l t s  w e r e  c o m p a r e d  with solut ions exis t ing in the l i t e r a t u r e .  In the absence  of rad ia l  boundar ies ,  
and for  2R/H ~ 1 we have the s t r u c t u r e  of [18] (Fig. l c ) .  Table  1 c o m p a r e s  our  r e s u l t s  with those  of [18] fo r  
a S i - A u - K o v a r  s y s t e m  cooled by AT = 400"C and having the following dimensions:  R = 0.1, H 1 = 0.03, 

 '4j �9 e ,  

f 

o o,4 O,~r/R 

Fig.  2 
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H 3 = 0.001, Hs-H 3 = 0.012. In the ca lcula t ion with the model  in [18] Ek/(1 - ~ )  was used ins tead of Ek, 
where  Ek  is  Youngls modulus .  In the absence  of axial  boundar ies  and for  2R/H >> 1 we obtain the rad ia l ly  
compos i t e  disk  shown in Fig .  l d  whose solution is  given in [26]. Table  2 c o m p a r e s  our  values  of the s t r e s s e s  
a r r  and aS0 in k g / m m  2 at  points  along the rad ius  of the cen t ra l  z c r o s s  sect ion with those  calcula ted f r o m  
the equations of [26] for  an S i -M ark  K-81-39 p las t i c  s y s t e m  (the inner  solid cyl inder  is  Si). The s y s t e m  was 
cooled by  AT = 130oc and had the following d imensions :  R = 0.2, p = 0.1, H = 0.03. Tab les  1 and 2 show that  
ou r  r e s u l t s  a r e  in good a g r e e m e n t  with those  of  [18, 26]. 

I t  should be noted that  in con t r a s t  with [18, 26] our  p rocedure  m a k e s  it  poss ib le  to t r e a t  s y s t e m s  with 
2R/H ~ 1, and to obtain coord ina te  d is t r ibu t ions  of  both tangent ia l  and all  the components  of  the no rma l  
s t r e s s e s ,  while only the  z d is t r ibut ion  of  ~ r r  can be ca lcula ted  by the method in [18], and only the r d i s -  
t r ibut ion  of ~ r r  and a0e by [26]. 

As an example  Fig.  3 shows the ca lcula ted  va lues  of the s t r e s s e s  for  the nonuniform s t ruc tu r e s  shown 
in F ig .  l g  ( sy s t em A) and Fig.  l h  ( s y s t e m  B). Sys t ems  A and B co r r e spond  to the two l imit ing c a s e s  of f a s -  
tening an Si c r y s t a l  (region D1) to a Po lyco re  c a s e  (regions D 5 and D 6) of the in tegra l  scheme:  in A the c r y s -  
t a l  is  comple te ly  embedded  in lead i~orate g l a s s  (regions D~, D3, and D 4) to the level  of i ts  upper  sur face ;  in 
B the c r y s t a l  is in contact  with g lass  (regions D 3 and D 4) on only one su r face .  Table  3 l i s t s  the values  of  
the m a t e r i a l  cons tants  used,  AT, and the d imens ions  of  the s y s t e m s .  

F i g u r e s  3a -c  show, r e spec t ive ly ,  the rad ia l  d is t r ibut ions  of  the n o r m a l  s t r e s s  ~ r r  for  - H  i < z < 0, 
0 < z < H 3, and H 3 < z < H 5. F i gu re  3d shows the dependence of the tangent ia l  s t r e s s  r r z  on r / R .  In the 
l a y e r  z < 0 the s i l icon and g la s s  a r e  under  c o m p r e s s i o n  (Fig.  3a). The s ta te  of  s t r e s s  in Si up to r / R  ~ 0.3 
is  p l ana r  and p rac t i ca l l y  the s a m e  in s y s t e m  A (curves  1, 2) as  in B (curves  3, 4). The no rma l  t ens i le  s t r e s s  
in the g l a s s  l a y e r  (0 -< z -~ 60 9m) becom es  c o m p r e s s i v e  for  r / R  ~ p (Fig. 3b). The level  of dangerous  t en-  
s i le  s t r e s s e s  in the g lass  l aye r  in s y s t e m  B (curves  3, 4) is  somewhat  h igher  than in A (curves  1, 2). In 
P o l y c o r e  (Fig. 3c) t h e r e  a r e  no signif icant  d i f fe rences  between s y s t e m  A (curves  1, 3, 5) and s y s t e m  B 
(curves  2, 4, 6). The l a y e r s  of P o l y c o r e  adjoining g lass  (curves  1, 2) a r e  under  tension,  but c lose  to the 
f r ee  boundary  (curves  5, 6) under  c o m p r e s s i o n .  The s h e a r  s t r e s s e s  (Fig. 3d) in s y s t e m s  A (curve 1) and B 
(curve 2) a r e  c o m p a r a b l e  in magni tude with the n o r m a l  s t r e s s e s  and a r e  concent ra ted  about the point  r = p, 
z = 0. The  mos t  dangerous ly  s t r e s s e d  reg ion  is  in g lass  adjacent  to the point r = p, z = 0. The l a rge  value 
of ~rz  indicates  the poss ib i l i ty  of the separa t ion  of the s i l icon c r y s t a l  f r o m  the g l a s s .  F igure  3 shows that  
embedding the c r y s t a l  in g l a s s  ( s y s t em  A) is  p r e f e r a b l e  to at taching it to the su r face  ( sys t em B). The s t r e s s  
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in Si resulting from setting crystals  in the case is two orders of magnitude above that produced in Si in ob- 
taining a continuous layer of SiO~ [15, 17]. It should be noted that it is impossible to determine the s t r e s s -  
strain state in the vicinity of nodal points with complete reliability if the edge effect is damped out (Fig. 3b) 
within the limits of one step of the mesh. 

The author thanks K. K, Ziling for helpful comments during a discussion of the work. 
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